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Four new doubly-even (56, 28, 12) codes are constructed from Hadamard matrices of 
order 28. 
We assume that the reader is familiar with the basic facts from the theory of 
self-dual codes and designs. Our terminology and notation follow [3, lo]. 
The following theorem provides a method for the construction of doubly-even 
self-dual codes from Hadamard matrices of order n = 4 (mod 8). 
Theorem (Tonchev [ll]). Let H be a Hadamard matrix of order n = 8t + 4 such 
that the number of +1’s in each row and column is congruent to 3(mod 4). Then 
the following matrix 
(6 (H + JY2) (1) 
generates a binary self-dual doubly-even code C of length 2n. The minimum 
distance of C is at least 8 if and only if each row and column of H contain at least 
seven + 1’s. 
This theorem gives a simple criterium for extremality of codes arising from 
Hadamard matrices of order 8, 12, and 20. Starting from a particular Hadamard 
matrix, one can transform it into many different (but equivalent) matrices by 
multiplying rows and columns by -1 so that z!l rows and columns contain a 
number of +1’s congruent to 3 modulo 4. A computer search showed that at least 
79 inequivalent extremal doubly-even (40,20,8) codes arise from the three 
Hadamard matrices of order 20 [ll]. 
In this note we summarize the results of a search for extremal doubly-even 
(%,28,12j codes obtakz;: L- known Ikdamard matrices of order 28. 11 till1 
According to the above theorem, a necessary condition for the extremality of a 
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code defined by a Hadamard mat15 .” of order 28 is that each row and column of 
H contains at least eleven +l’s. If, in pers;cula:m, H is of the form 
then H* is a (-1, +l)-incidence matrix of a symmetric Hadamard 2 - (27,14,7) 
design, and a necessary condition for extremality in this case is that the 
complementary 2 - (27,13,6) design does not possess any ovals [9], i.e. subsets 
of 3 pints meeting each block in at most 2 points [I]. The only known Hadamard 
matrix of order 28 of the form (2) yielding an extremal code is the Paley matrix 
defined by the squares in GF(27). In this case the code with a generator matrix 
(1) is equivalent to the code constructed in [2]. 
Another generator matrix of a code defined by (1) is the following: 
((HT + J)D, 0. (3) 
Clearly, if the code has minimum weight less than 12, then there has to be a 
codeword of that weight being a linear combination of at most 4 rows of either (1) 
or (3). This reduces the computations for the minimum weight to a reasonable 
amount. 
We have inspected by computer a number of inequivalent Hadamard matrices 
of order 28 constructed in [7, 8, 121 including those with the largest possible 
automorphism groups. Among those only the following two matrices HI, Hz yield 
extremal(56,28,12) codes: 
1111111111111111111111111111 
1100111000100100~00110i10110 
1010111000010010010011011011 
1001111000001001001101101101 
1000100111100001010101110011 
1000010111010100001110011101 
1000001111001010100011101110 
1111000100001100010011110101 
11110000101000100011~~Q?~~?~ 
11110000010100011001yolol0101011 
1110110011010111000001100lo0 
1011011101001111000100010010 
1101101110100111000010001001 
1110011110000010111100100001 
H~=1011101011000001111010010100 
1l0i110101000100111001001010 
1110101101111000010100001100 
1011110110111000001010100010 
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1101011011111000100001010001 
1100010001101011011010111000 
1010001100110101101001111000 
100110001001111-0110100111000 
1100100100011011101000010111 
1010010010101101110000001111 
1001001001110110011000100111 
1100001010011101011111000010 
1010100001101110101111000001 
1001010100110011110111000100 
iliiililiillllllllllllllllll 
1100111000100100100110110110 
1010111000010010010011011011 
1001111000001001001101101101 
1000100111100001010110011101 
1000010111010100001011101110 
1000001111001010100101110011 
1111000100010001010101110110 
1111000010001100001110011011 
1111000001100010100011101101 
1110110011010111000100100001 
1011011101001111000010010100 
1101101110100111000001001010 
1110011110000010111100001100 
H-=1011101011000001111010100010 
1101110101000100111001010001 
1110101011111000001001010100 
1011110101111000100100001010 
1101011110111000010010100001 
1100100100011011101010111000 
1010010010101101110001111000 
100100100111011001110011l000 
1100001001011101110000001111 
101010010010111001l000100111 
1001010010~i0011101000010111 
11000 1000110 13 110 11 l.1i030010 
1010~01100110101101111000001 
1001100010011110110111000100 
The matrix HI is equivalent to the Paley matrix defined by the squares in 
GF(27). Hz has been constructed by assumption of an automorphism of order 3 
fixing one row and column (cf. [8, 121). 
Starting from a normalized Hadamard matrix Z# of order 28, one has to negate 
1, 5, 9, 13 or 17 rows in order to obtain a matrix satisfying the conditions of the 
theorem. Due to computer time limitations, we have only been able to 
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Table 1. The extremal codes 
Code H 
Negated rows 
and columns Class sizes 
4 HI rows: 2,3,4,11,12, 1,1,9,9,9,9,9,9 
13,26,27,28 
col.: 8,9,10,17,18, 
19,23,24,25 
5 4 rows: 2,3,4,5,6,7, 2,18,18,18 
8,9,10 
col.: 11,12,13,14,15, 
16,17,18,19 
1 fh row: 1 56 
col.: 1 
2 Hl rows: 2,3,5,18,20 2,2,2,2,6,6,6.6,6,6,6,6 
col.: 4,14,17,18,26 
3 HI rows: 1,2,3,4,8, 2,6,6,6,6,6,6,6,6,6 
13,23,27,28 
col.: 2,4,5,6,7,8, 
11,13,14,16, 
15,20,21,24,28 
6 H2 rows: 2,3,4,11,12, 2,18,18,18 
13,26,27,28 
001.: 8,9,10,17,18, 
19,23,24,25 
accomplish a complete computer search for negating 1, 5 or 9 rows. Up to 
equivalence, the matrix H- produces in this way one, and the Paley matrix H1 five 
extremal codes. The indices of rows and columns to be negated are listed in Table 
1. The codes can be distinguished by comparing the 3-designs formed by the 
minimum weight codewords. Given a point of such a design (i.e. a code 
coordinate), we compute the number m(i) of triples of points occurring together 
with the given point in exactly i blocks. Define an equivalence on the set of code 
coordinates, two coordinates being in one equivalence class whenever they have 
the same characteristics m(O), m(l), m(2), etc. The sizes of the equivalence 
classes provide an invariant distinguishing the codes that were found (see Table 1). 
Remarks. (i) It is clear from the class sizes that only the wde I from Table 1 can 
have an automorphism of order 13 (cf. [13]). In fact, this code is equivalent to the 
code found by Bhargava et al. [2], and as has been pointed out in [6], this code 
does possess an automorphism of order 13. The remaining wdes are therefore 
inequivalent to any of the codes with an automorphism of order 13 found by 
Yorgov [ 131. 
(ii) The codes 5 and 6 are not distinguished by their class sizes. We do not 
know if these two codes are equivalent or not. 
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(iii) A large number of inequivalent Hadamard matrices of order 28, most of 
them having very small or trivial automorphism groups, have been recently 
constructed by Kimura [4], and Kimura and Ohmori [S]. We have inspected only 
two matrices from [4], but those did not yield extremal codes. 
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